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Abstract

We present a vision-based approach to coin classification which is able to discriminate between hundreds of different

coin classes. The approach described is a multistage procedure. In the first stage a translationally and rotationally invar-

iant description is computed. In a second stage an illumination-invariant eigenspace is selected and probabilities for

coin classes are derived for the obverse and reverse sides of each coin. In the final stage coin class probabilities for both

coin sides are combined through Bayesian fusion including a rejection mechanism. Correct decision into one of the 932

different coin classes and the rejection class, i.e., correct classification or rejection, was achieved for 93.23% of coins in a

test sample containing 11,949 coins. False decisions, i.e., either false classification, false rejection or false acceptance,

were obtained for 6.77% of the test coins.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Charity organizations such as the Austrian

‘‘Licht ins Dunkel’’ collect coins from all over

the world as donations. The classification of these

coins according to their denomination and country

of origin is the field of application for the method
0167-8655/$ - see front matter � 2004 Elsevier B.V. All rights reserv

doi:10.1016/j.patrec.2004.09.006

* Corresponding author. Tel.: +43 1 2696255 137; fax: +43 1

2696255 200.

E-mail address: reinhold.huber@acv.ac.at (R. Huber).
presented in this paper. The ‘‘Licht ins Dunkel’’

coin collection took place in the course of the
implementation of the Euro currency in twelve

European countries at the turn of the year 2001/

2002 when Austrian citizens were asked to donate

any spare coins they might have at home. During

this campaign 300 tons of coins coming from virtu-

ally all countries of the world but predominately

from the twelve Euro member states were col-

lected. Such a large variety of coins exceeds the
capabilities of off-the-shelf electromechanical coin

discriminating machines.
ed.
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Coin judging systems using electromechanical

devices are commonly based on measuring weight,

diameter, thickness, permeability and conductivity

(Davidsson, 1996), oscillating electromagnetic field

characteristics (Neubarth et al., 1998), and photo-
and piezoelectric properties (Shah et al., 1986).

Coin classification using image processing is de-

scribed by Fukumi et al. (1992), and uses a neural

network approach to discriminate between 500

Won and 500 Yen coins. Very recently, Nölle

et al. (2003) and Fürst et al. (2003) described the

Dagobert coin recognition and sorting system for

high volumes of coins and a large number of cur-
rencies. Our approach uses the same mechanical

setup as described in Fürst et al. (2003), but a

method different from the matching approach de-

scribed in Nölle et al. (2003).

A number of coin authentification methods

employing optical means are to be found in pat-

ents, e.g., Hibari and Arikawa (2001) describe a

system by which both sides of a coin are first im-
aged by cameras, then features are derived from

binarized images, and finally results are com-

bined for each side and with a magnetic sensor

measurement. Another approach, also based on

binarization followed by area measurement and

comparison of coin centre and centre of gravity,

is suggested by Onodera and Sugata (2002). Tsuji

and Takahashi (1997) analyze one side of a coin
by transformation of its image into polar coordi-

nates and matching of profiles taken along angle

direction.

The approach by Uenohara and Kanade (1997)

for matching rotated patterns is similar to the ap-

proach presented. Uenohara and Kanade describe

a method by which an eigenspace is constructed

from uniformly rotated images. The application
of their approach works through locating of a spe-

cific small pattern in a larger image, whereas our

approach aims at classification for a large number

of classes. In a later paper, Uenohara and Kanade

(1998) describe an improvement of their template

location method which is based on the discrete co-

sine transform (DCT). Parts of our approach are

also based on utilization of the eigenspace ap-
proach. Our method differs from the one suggested

by Uenohara and Kanade as the eigenspace is con-

structed from images rotated into reference orien-
tation. Therefore, each image is contained only

once in the set of images used to construct the

eigenspace.

The eigenspace method is a subspace method

used to construct the most expressive subspace.
Linear discriminant analysis (LDA) (Belhumeur

et al., 1997) and support vector machines (SVM)

(Burges, 1998) construct most discriminative

subspaces. For a given set of classes the subspace

constructed by LDA maximizes the ratio of

between-class scatter to within-class scatter. The

disadvantage of LDA concerning our classification

problem, by which varying subsets of classes are
distinguished, is that for each combination of

classes a specific subspace is required. Further-

more, for some classes only a single example coin

exists, therefore it becomes impossible to estimate

the within-class scatter. SVMs use the so called

kernel mapping technique to map data which is

not linearly separable into a hyperspace where it

can be separated linearly. SVMs are able to dis-
criminate between two classes, for K > 2 classes

ensemble schemes such as one per class (OPC)

and pairwise coupling (PWC) are employed (Goh

et al., 2001). Unfortunately, those schemes are

computationally very demanding, i.e., for a K class

problem using OPC K binary classifications are

necessary and for PWC K(K � 1)/2 binary classifi-

ers are needed.
We present a vision-based coin classification ap-

proach which is able to discriminate between a

very large number of coins, i.e., coins from 30

countries and a total number of 932 different coin

images. The presented approach is a multistage

procedure (Pudil et al., 1992), which splits into

the following stages:

1. Processing for translational and rotational

invariance and hypotheses generation.

2. Eigenspace selection and classification.

3. Bayesian fusion and rejection.

Detection of the coin, i.e., removing transla-

tional dependency, processing for rotational invar-

iance and generation of classification hypotheses
is done in stage 1. A small number of classifica-

tion hypotheses for obverse and reverse sides of

the coins are retained for the subsequent steps.
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Hypotheses are derived from the correlation

between observed and reference images after map-

ping to polar coordinates. In stage 2 an appropri-

ate eigenspace is selected depending on coin

thickness and diameter estimation. Thickness and
diameter measurements allow the construction of

multiple eigenspaces, each of which spans only a

portion of the thickness/diameter plane. Thus the

number of coins represented in a single eigenspace

is reduced. Depending on thickness and diameter

up to 113 classes are represented in a single eigen-

space; on the average 30.9 classes are comprised in

a single eigenspace. Distances in eigenspace are
evaluated for the hypotheses generated in stage 1

and are related to probabilities. Stage 3 delivers a

final decision through Bayesian fusion applied to

the coin sides. Bayesian fusion incorporates prob-

abilities for both coin sides and knowledge about

rotation angle coherence between obverse and re-

verse coin sides. A rejection mechanism based on

thresholding the fused probability is used to sort
out unknown coins and decisions of weak support.

The rejection threshold is chosen so as to optimize

a compound objective, i.e., maximization of cor-

rect classification (a known coin is correctly classi-

fied) and correct rejection (an unknown coin is not

classified) and minimization of false classification

(a known coin is classified into a wrong class), false

rejection (a known coin is rejected), and false
acceptance (an unknown coin is classified).

The mechanical setup, which is not discussed in

this paper, comprises a number of devices (Fürst

et al., 2003, Rupp et al., 2003). First, the coins

are transported via a singularization device onto

a conveyor belt. The conveyor belt moves the coins

past two cameras to a sorting mechanism. Between

the cameras there is a turning device, i.e., a
mechanical apparatus for reversing the coin. The

cameras use circular lighting and a protective de-

vice which blocks ambient light. Additionally, in

front of each camera a light curtain allows thick-

ness measurements for each coin. The conveyor

belt finally transports the coins to a series of boxes

into which the coins are pneumatically ejected

according to the classification result.
In this paper we will describe image processing

and coin classification. Section 2 summarizes the

mathematical notation for the eigenspace ap-
proach and reviews the concept of multiple eigen-

spaces as applied to the coin classification

problem. In Section 3 invariance with respect to

translation, rotation and illumination is discussed

for coin pattern processing. Section 4 introduces
our approach to classification, fusion and rejec-

tion. Section 5 presents results and concluding re-

marks are found in Section 6.
2. Eigenspaces

Eigenspace decomposition for image analysis
was introduced by Sirovich and Kirby (1987) and

found numerous applications over the last years,

most prominently in the field of face recognition.

We start with the description of the mathematical

procedure of eigenspace construction employing

principal components analysis (PCA) in the next

subsection. Subsequently, we discuss multiple

eigenspaces in the context of coin recognition.

2.1. Principal components analysis for coins

We consider a set of M images B1 to BM. Each

image Bi is of size N � N pixels. The images are re-

formed into vectors C1 to CM, e.g., by scanning the

image line by line. If all pixels of an image are used

to produce a vector, each vector Ci has length
L = N2. An average vector W and difference vec-

tors /i are calculated by

W ¼ 1

M

XM
i¼1

Ci; /i ¼ Ci �W; i ¼ 1; . . . ;M :

ð1Þ
The covariance matrix for /i is defined as

C ¼ 1

M

XM
i¼1

/i/
T
i ¼ AAT; A ¼ ð/1;/2; . . . ;/MÞ:

ð2Þ
Principal axes are obtained by the eigendecompo-

sition of the covariance matrix C (Sirovich and

Kirby, 1987; Turk and Pentland, 1991). The eigen-

vectors are sorted in non-increasing order depend-

ing on the corresponding eigenvalue. A small

number M 0 of significant eigenvectors is retained

from the ranked eigenvalues, a common practice
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which leads to the most expressive features (Turk

and Pentland, 1991).

A weighting factor xk corresponding to the kth

eigenimage for a new reformed image C is ob-

tained by projection onto the kth eigenspace com-
ponent using

xk ¼ ukðC�WÞ; k ¼ 1; . . . ;M 0: ð3Þ
The weight xk are arranged in an vector

X = (xk, . . . ,xk)
T. For the coin recognition task,

not the full images are reformed into a vector, only
the interior pixels of the coin are rearranged into

the vector C, see Fig. 1.

2.2. Multiple eigenspaces

Multiple, or modular, eigenspaces have been

introduced for viewing orientation independent

face recognition by Pentland et al. (1994), that is
a set of view-based eigenspaces is constructed,

each capturing the different classes under a com-

mon view. Recently, a self-organizing framework

to construct multiple eigenspaces was suggested

by Leonardis et al. (2002). An alternative ap-

proach is the parametric eigenspace, presented

for recognition of 3D objects under varying pose

and illumination by Murase and Nayar (1995).
In the latter approach invariance to illumination

and geometric transformations is achieved by var-

ying pose and illumination for the images used to

construct the eigenspace. In the coin recognition

task, we regard coins as 2D objects taken under

controlled illumination. Multiple eigenspaces are

constructed to group coins depending on their

diameter and thickness measurements. Thus each
eigenspace is constructed from a subset of images

and, consequently, only a moderate number of
Fig. 1. Rearrangement of the inner pixels of a coin into a

vector.
classes is represented in a single eigenspace. The

advantages of multiple eigenspaces spread over

the coin diameter and thickness plane are twofold.

Firstly, construction of eigenspaces from a lower

number of images is computationally less demand-
ing, and secondly, classification can be performed

faster and more reliably among the smaller num-

ber of classes present in a single eigenspace than

between all considered cases.

As diameter and thickness are provided with

each coin image the diameter/thickness plane is

partitioned into regularly spaced regions. For each

such region an eigenspace is built, therefore region
m is denoted by Esm. A region Esm is characterized

by its minimum and maximum diameter dlm, dhm,

and minimum and maximum thickness tlm, thm,

respectively. The extensions of each region are

Dstep and Tstep. The global minimum and maxi-

mum measures for diameter and thickness, Dmin,

Dmax, Tmin, Tmax are derived from coin statistics.

In particular, for a total number of K coin sides,
we find

Dmin ¼ min
i¼1;...;K

ðdmni � tolÞ;

Dmax ¼ max
i¼1;...;K

ðdmxi þ tolÞ;

Tmin ¼ min
i¼1;...;K

ðtmni � tolÞ;

Tmax ¼ max
i¼1���K

ðtmxi þ tolÞ;

ð4Þ

dmni, dmxi, tmni, tmxi are the limits calculated

from the measurement statistics for coin i. A toler-

ance value tol accounts for variations of a specific
coin and measurement errors. A coin side class Bi

typically covers more than one eigenspace. The

number of coin side classes per eigenspace is calcu-

lated as

#BEsm ¼
[

i¼1;...;K

Bi : ðdmni � tolÞ < dhm
\ ðtmni � tolÞ < thm
\ ðdmxi þ tolÞ > dlm
\ ðtmxi þ tolÞ > tlm

2
6664

3
7775

���������

���������
: ð5Þ

Fig. 2 shows a partition of the diameter/thickness

plane, where each cell ESm denotes a single eigen-

space. Each coin side Bi covers at least one eigen-

space. Due to diameter and thickness tolerances

and measurement errors, each Bi is generally repre-

sented in more than one eigenspace (see Fig. 2).



Fig. 2. Partitioning of the diameter/thickness plane into mul-

tiple eigenspaces.
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Not each eigenspace is occupied by coin classes,

e.g., combinations of large diameter with small

thickness and vice versa do not exist. Some eigen-

spaces are occupied by a single coin side, which is

unexpected as diameter and thickness should be

the same regardless whether the obverse and re-

verse side of the coin have been looked at. This
problem is caused by small measurement noise.

Finally, some neighboring eigenspaces represent

the same set of coin side classes. For the consid-

ered sample the most occupied eigenspaces are

found around 2 mm in thickness and 24 mm in

diameter, there a maximum #BEs of 113 was

found. More specifically, Dstep, Tstep and tol were

set to 0.3 mm, which results in 1000 potential
eigenspaces, 494 of which were occupied by at least

one coin side image. Out of those 494 coin side

images 21 eigenspaces contained only one coin side

image, which makes classification redundant, and

95 eigenspaces were replications of others. On

the average the number of coin side classes per

eigenspaces #BEs is 30.9.
3. Invariant preprocessing

Invariant preprocessing is a necessary step for

template matching based pattern recognition

methods such as the eigenspace approach. Rota-
tion, scaling and translation are the three geomet-

rical variants to be taken into account.

Illumination is another varying quantity mainly

resulting from the variance in reflection caused

by abrasion and dirtiness of the coins illuminated
with controlled lighting. Due to the static setup

with known distance between camera and object,

scale invariance is not addressed in our work.

Translational invariance is achieved by coin

detection through segmentation: the segmentation

result holds the centered coin image. Section 3.1

discusses coin segmentation. For a more general

discussion, please refer to the large number of
works related to scale and translation invariant

pattern recognition, e.g., the Fourier-Mellin

transform (Altmann and Reitböck, 1984). Rota-

tional invariance is achieved through coordinate

mapping and correlation, described in detail in

Section 3.2. Illumination invariance for the eigen-

space approach is discussed in detail in Section

3.3.

3.1. Translational invariance

Detection of the coin employs a common seg-

mentation approach and works reliably for con-

trolled lighting conditions and clean background,

i.e., a moderately dirty conveyor belt. Problems

might be caused by very dark coins, i.e., coins
which reflect only a small amount of light towards

the camera. At that point, a multi-stage segmenta-

tion procedure is suggested. The outline of the seg-

mentation method is:

1. Smoothing of the image to suppress the con-

veyor belt texture.

2. Edge filtering using a Laplacian of Gaussian
approach followed by zero-crossing detection

(Marr and Hildreth, 1980).

3. Labeling of the detected regions and selection of

the region with largest bounding box as coin

region candidate.

4. Form a blob by computing the convex hull of

the coin region candidate.

Coin position and diameter are estimated from

the detected blob, which directly delivers a transla-

tion invariant description.
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3.2. Rotational invariance

Rotational invariance is sometimes approached

via the use of geometrical moments (Hu, 1962),

radial coding of features (Torres-Mendez et al.,
2000), or using a mapping from Cartesian to polar

coordinate representation, e.g., log-polar mapping

(Kurita et al., 1998). We obtain rotational invari-

ance by estimation of the rotational angle followed

by a rotation into a reference pose. Angle estima-

tion is performed for images transformed into

polar coordinates. In the polar image shift invari-

ance, corresponding to rotational invariance when
mapped back to Cartesian coordinates, is achieved

through cross-correlation. Cross-correlation is effi-

ciently implemented using the fast Fourier trans-

form (FFT) (e.g., Ballard and Brown (1982, p.

24)).

Rotational invariance for a coin image involves

cross-correlation with reference images. The set of

reference images for a specific coin image is, like in
Section 2.2, determined from diameter and thick-

ness measurements. To diminish illumination ef-

fects edge detection is performed for the coin

image and the reference images. The used edge
Fig. 3. Processing of coins to ach
detector is described in Rothwell et al. (1995)

and is an extension of the widely accepted edge

detector suggested by Canny (1986). The edge

image is mapped from Cartesian to polar coordi-

nates (see Fig. 3 in the middle). The result of
cross-correlation between the coin image to be

classified and a set of reference images is used to

derive class hypotheses, i.e., this corresponds to the

outcome of the first stage in the proposed multi-

stage scheme. In detail, for both sides of a coin

under investigation rotational invariant processing

and hypothesis generation proceeds as follows:

1. Estimation of coin thickness from thickness

sensor measurement and estimation of coin

diameter from coin detection as described in

Section 3.1.

2. Selection of a set of reference images, each ref-

erence image is associated with a coin class,

depending on thickness and diameter.

3. Cross-correlation of the coin side image under
investigation with all reference coin images in

the selected reference set, resulting in a cross-

correlation value and associated rotation angle

estimation for each reference class.
ieve rotational invariance.
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4. Ranking of the reference set by the maximum

correlation value and generation of a set of

hypotheses for the highest-ranking classes.

To obtain reliable estimates for cross-correla-
tion and rotation angle the polar image is split into

n bands along the radius coordinate, correspond-

ing to concentric rings in Cartesian coordinates.

The peak of the correlation value Ki for band i is

determined for each band and the position of the

peak is taken as an estimate ai for the rotation

angle in band i. For angle data the von Mises dis-

tribution can be used as a model of normal distri-
bution on a circular domain (Fisher, 1995). Under

this assumption, the sample mean angle direction a
is estimated via

a ¼
arctanðS=CÞ if S P 0 and C > 0;

arctanðS=CÞ þ p if C < 0;

arctanðS=CÞ þ 2p if S < 0 and C > 0;

8><
>:

ð6Þ
in which C ¼

Pn
i¼1di cos ai, S ¼

Pn
i¼1di sin ai,

where di = 1 if band i contains a significant number

of edge pixels in reference coin and coin under

investigation, otherwise di = 0. A cross-correlation

estimate K for the coin under investigation is cal-
Fig. 4. First 8 eigenimages constructed from: (a) intensity images, (b)

images.
culated using K ¼ 1
n0
Pn

i¼1diKi. The number of

bands n 0
6 n used in cross-correlation and angle

estimation varies between images and is simply ob-

tained by n0 ¼
Pn

i¼1di.
The computational complexity of the correla-

tion procedure is O(rn 0MN log2MN), where r is

the number of reference images, M and N are the

dimensions of an image band. Using cross-correla-

tion based on FFT the time consumption was

measured to be 0.05 ms for an image band of

8 · 256 pixels on a 3 GHz Pentium IV platform

and optimized code. Using the decomposition of

the diameter/thickness plane as shown in Fig. 2,
the same example parameters as in Section 2.2

and n 0 = n = 5 bands, the worst case time con-

sumption, i.e., r = 113, becomes 5 · 113 · 0.05 =

28.25 ms, and on the average, i.e., r = 30.9, the

time consumption is 7.725 ms.

3.3. Illumination invariance

To overcome limitations regarding illumination

variation in the eigenspace approach a number of

solutions were proposed, e.g., Murase and Nayar

(1994) investigate the determination of the illumi-

nation which gives best discrimination. The PCA

of edge images and smoothed edge images is
equalized intensity images, (c) edge images, (d) smoothed edge



68 R. Huber et al. / Pattern Recognition Letters 26 (2005) 61–75
suggested as an illumination invariant way of

eigenspace construction in Yilmaz and Gökmen

(2000), in Venkatesh et al., 2002 gradient images

are used as input to PCA, and Bischof et al.

(2001) use a set of gradient based filter banks ap-
plied to the eigenimage representation. We com-

pare the eigenspace approach on original images

with three approaches aimed at reduction of illu-

mination variance in the following.

3.3.1. Intensity eigenspace

Fig. 4a shows the first eight eigenimages con-

structed from graylevel images, the top left image
is the eigenimage corresponding to the largest

eigenvalue. The eigenimages are regarded as the

most expressive features (MEF) when sorted in
Fig. 5. Cumulative sum of eigenvalues depending on the number of e

(b) equalized intensity images, (c) edge images, (d) smoothed edge im
non-increasing order of their corresponding eigen-

value (Swets and Weng, 1996). Fig. 5a gives the

normalized cumulative sum of the sorted eigen-

values, i.e., the first 32 eigenimages retain approx-

imately 78% of the variance present in the original
set of intensity images.

3.3.2. Equalized intensity eigenspace

Histogram equalization results in an image with

a uniform distribution of graylevels (e.g., Ballard

and Brown (1982, p. 70)). Hence, histogram equal-

ization is sometimes suggested as a way to achieve

illumination invariance. Fig. 4b shows the most
expressive eigenimages constructed from histo-

gram equalized images. As shown in Fig. 5b

approximately 60% of the variance present in the
igenvectors for an eigenspace derived from (a) intensity images,

ages.



Table 1

Decision categories for valid and invalid coins

Acceptance Rejection

Valid coin Correct

classification

False

classification

False rejection

Invalid coin False

acceptance

Correct rejection
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original set of histogram equalized intensity

images is contained in the first 32 sorted eigenim-

ages. In terms of the MEF the equalized intensity

eigenspace is significantly worse than the intensity

eigenspace.

3.3.3. Edge eigenspace

Edges extracted by an edge detector, in our case

the Rothwell edge detector (Rothwell et al., 1995),

are robust features over a wide range of illumina-

tion conditions. Fig. 4c shows the most expressive

eigenimages constructed from edge images. As

shown in Fig. 5c approximately 42% of the vari-
ance present in the original set of edge images is

contained in the first 32 sorted eigenimages. This

low value is mainly caused by small errors in the

preprocessing stages, i.e., imprecision in coin seg-

mentation or determination of the rotation angle.

3.3.4. Smoothed edge eigenspace

To overcome the drawbacks of an eigenspace
derived from edge images, eigenhills have been

suggested by Yilmaz and Gökmen (2000). There

eigenhills are derived from application of the

PCA to edge images which are covered by a

‘‘membrane’’. We used a 2D Gaussian filter kernel

with a rs of 1.5 to smooth the edge images which

are of size 128 · 128 pixels. Fig. 4d shows the

most expressive eigenimages constructed from
smoothed edge images. As shown in Fig. 5d

approximately 76% of the variance present in the

original set of smoothed edge images is contained

in the first 32 sorted eigenimages.

3.4. Eigenspace construction

The performance of the smoothed edge eigen-
space with respect to MEF extraction is compara-

ble to the intensity eigenspace with the advantage

of providing an illumination invariant description,

therefore this approach was selected. Smoothed

edge eigenspaces were constructed for each subre-

gion shown in Fig. 2 where #BEs P 2. For each

coin class at least one image for obverse and re-

verse side exists in the training set. The number
of images for each coin class varies as training

images were collected from the coin pool to be

sorted. Therefore, for rare coins only a few exam-
ples are present and for prevalent coins a large

number of examples could be gathered. We limited

the maximum number of examples for a specific

coin to 20. The variation of coins within a class,

i.e., the within-class scatter, is mainly due to abra-
sion, dirtiness and differences in a very small re-

gion, namely the region containing the date.
4. Classification and rejection

For each coin a decision is made whether the

coin is accepted or rejected. The classification sys-
tem should have the option to reject coins which

are invalid to achieve maximum reliability. Invalid

coins are coins which are not known to the system,

i.e., coins which have not been available at system

training time. However, if the rejection mechanism

is very severe, known coins will falsely be rejected.

The trade-off between false acceptance rate (FAR)

and false rejection rate (FRR) is an important per-
formance measure in verification and recognition

systems (Golfarelli et al., 1997). Table 1 shows

the events false acceptance for invalid coins, meas-

ured by the FAR, and false rejection for valid

coins, measured by FRR. A classification method

should maximize correct classification for valid

coins and correct rejection for invalid coins. Apart

from FAR and FRR the case of wrong classifica-
tion of a valid coin is also an undesired event.

For that reason, we introduce the term false classi-

fication rate (FCR).

The final decision, i.e., classification or rejec-

tion, follows from single-side classifications of ob-

verse and reverse side and fusion of both sides and

with information from coin orientation coherence.

As the coin passes a mechanical reversing unit
(Fürst et al., 2003), which turns obverse and re-

verse side of the coin between the two image acqui-

sitions, the difference in rotation angle between the
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two sides is an additional cue in the classification

process.

4.1. Classification

It was shown by Murase and Nayar (1995) that

the Euclidean distance between points in eigen-

space is an approximation to the similarity be-

tween the corresponding images measured by the

sum of squared differences. On the other hand, this

distance measure does not take into account sec-

ond-order statistics. Due to the small number of

training examples per coin it is not possible to
use a measure based on second order statistics,

such as the Mahalanobis distance, as this would

require a large number of examples per coin (Kit-

tler et al., 1998). Therefore, we base our classifica-

tion on a Euclidean distance measure.

For a specific eigenspace, we consider a set of

reference coefficient vectors Xr = (xr1, . . . ,xrD)
T,

r = 1, . . . ,R, and an observed coefficient vector
XS ¼ ðxs

1; . . . ;x
s
DÞ

T
corresponding to the coin side

to be classified. Classification starts from two

observation vectors together with a set of hypoth-

eses, ranked by their corresponding correlation

measure, was described in Section 3.2.

We introduce the following notation with typi-

cal values of parameters given in brackets:

R, number of reference coefficient vectors (typi-

cally R = K Æ 20);
S, number of coin sides (usually S = 2);

K, number of classes (typically K = 2, . . . ,113);
H, number of hypotheses (usually H = 5);

D, dimension of coefficient vector (typically

D = 32);

Gs
h, hypothesis number h on side s;

ds
r, distance to rth coefficient vector on side s;

lsr, label of rth coefficient vector on side s.

The selection of the parameter R is motivated

by the balance between representing occurring var-

iation within a coin and efficient construction of

the eigenspace for a R · R covariance matrix for

which the eigenproblem is solved. The eigenprob-
lem for general R · R matrices require on the

order of R3 arithmetic operations (Pan and Chen,

1999), accordingly a small R is preferred. The
number of coin sides S is obviously equal to 2.

The maximum number of classes per eigenspace

is determined by the partitioning of the diameter/

thickness plane discussed in Section 2.2. The num-

ber of hypotheses H generated in stage 1 was lim-
ited to 5. This decision is motivated by observing

the necessary number of hypotheses to ensure that

the valid decision is included in the considered set

of hypotheses. From a validated set of coins, it was

observed, that the correct coin class is contained in

92.62%, 95.15%, 96.91%, 98.04% or 98.88% of all

cases when retaining the first 1, 2, 3, 4 or 5 hypoth-

eses, respectively. This means, a stage 1 classifier
considering the highest ranking result would not

do better than 92.62%. On the other hand, consid-

ering 5 hypotheses in the stage 3 classifier limits

this classifier to 98.88%, which is a reasonable limit

for practical application.

The distance to the rth coefficient vector on side

s is calculated by the Euclidean distance

ds
r ¼

XD
i¼1

ðxs
i � xriÞ2: ð7Þ

The class labels lsr 2 f1; . . . ;Kg correspond to the

distances ds
r. The distance for hypothesis h on side

s is derived as the average distance to coefficient

vectors with class label Gs
h 2 f1; . . . ;Kg

Ds
h ¼

1

Nh

XR
r¼1

ds
rd

s
rh; ð8Þ

where Nh is the number of training samples for

class Gs
h and the dsrh are given by

dsrh ¼
1 if lsr ¼ Gs

h;

0 else:

�
ð9Þ

The conditional probability for observation Xs

depending on hypothesis Gs
h on side s is estimated

to be inversely proportional to the distance Ds
h

P sðXsjGs
hÞ ¼

1

Ds
h

PH
i¼11=D

s
i

; ð10Þ

where the summation term in the denominator ac-

counts for normalization.

4.1.1. A priori probabilities

A priori probabilities P sðGs
hÞ are either set to

equal probability, e.g., P 1ðG1
hÞ ¼ 1=H for side 1,
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or are derived from the difference in rotation angle

ah for side 1 (e.g., obverse) and angle aj for side 2

(e.g., reverse), e.g., P 2ðG2
j Þ ¼ P 2ðG1

h;G
2
j Þ ¼ a þ

bP ða1h; a2j Þ; aþ b ¼ 1. The weights a and b account

for the fact that a number of coins exist which ap-
pear similar under rotation, e.g., some Danish

coins have this property. The constant term is cho-

sen relatively small, in our study a = 0.08 turned

out to be a good choice. Fig. 6a shows the distribu-

tion of the absolute turning angle difference for an

observed sample of coins.

The prior probability P 2ða1h; a2j Þ is assumed nor-

mally distributed around zero angle difference for
coins with same orientation on front and back

side, denoted by P 2ða1h; a2j Þ � P ða0Þ, and around

180� angle difference for coins turned upside down

between sides, denoted by P 2ða1h; a2j Þ � P ða180Þ,
respectively

P ða0Þ ¼ exp � ja0j
2r2

� �
;

P ða180Þ ¼ exp � ja180j
2r2

� �
; ð11Þ

where a0 and a180 = |180 � a0| are defined by

a0 ¼
ja1h þ a2j j if a1h þ a2j 6 180;

ja1h þ a2j � 360j if 180 < a1h þ a2j 6 540;

ja1h þ a2j � 720j if a1h þ a2j > 540:

8><
>:

ð12Þ
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Fig. 6. Turning angle difference histograms: (a) distribution of the es

depending on absolute turning angle difference.
The parameters a and r are chosen to approximate

the observed distribution, e.g., a = 0.08 and

r = 15. Fig. 6b shows the prior probabilities

depending on absolute turning angle difference.

4.2. Fusion

Fusion combines conditional and prior proba-

bilities for each side using Bayes theorem

PsðGs
hjXsÞ ¼ P sðXsjGs

hÞPsðGs
hÞPH

i¼1P
sðXsjGs

i ÞP sðGs
i Þ
: ð13Þ

We concentrate on the nominator since the

denominator is a constant term. Combination of

both sides is done by the product rule (Kittler

et al., 1998)

PðGkjXÞ ¼ P ðG1
h ¼ G2

j jX1;X2Þ

¼ P 1ðG1
hjX1Þ � P 2ðG2

j jX2Þ; ð14Þ

where probabilities are only derived for hypotheses

present for both sides. The product rule is a severe

rule of combination, which is a desired behavior as

we aim at a high rate of correct classification.

4.3. Rejection

Rejection is based on the a-posteriori probabil-
ity P(Gk|X), where Gk is the class which maximizes

PðGkjXÞ ¼ P 1ðG1
hjX1Þ � P 2ðG2

j jX2Þ, for all hypothe-

ses G1
h and G2

j which are overlapping for obverse
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and reverse side. A coin pattern X is accepted to

be of class Gk if P(Gk|X) P t, and rejected if

P(Gk|X) < t, where t (t 2 [0,1]) is the rejection

threshold. The parameter t is used to tune the sys-

tem towards the desired trade-off between false
rejection and false acceptance. Section 5 will de-

scribe how to find an optimal value for t.
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5. Results

Results are presented for a sample of 11,949

coins taken randomly from the collected money.
Those coins have been manually labeled into valid

and invalid coins. Valid coins are coins from 30

countries including most European countries, the

USA, Canada and Japan. The portion of valid

coins in the sample was 91.6%. The remaining

8.4% are dominated by coins from Asia, South-

America, Africa and former socialist countries.

Fig. 7 shows the distribution of fused probabilities
P(Gk|X) for correctly classified valid coins as the

solid line. Incorrectly classified valid coins are

shown by the dashed line. The fused probability

distribution for invalid coins is represented by

the dotted line. Selection of threshold t on

P(Gk|X) governs FAR, FCR and FRR, e.g.,

increasing t reduces FAR and FCR and increases

FRR.
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Fig. 7. Distribution of the fused probability with respect to

classification result.
From a receiver operator characteristics (ROC)

curve, as shown in Fig. 8, the tradeoff between

FCR plus FAR and FRR can be identified. An

operating point, corresponding to a specific t, is

found on the ROC curve, e.g., for perfect classifi-
cation with FAR + FCR � 0, a very high FRR

has to be taken into account (i.e., FRR > 0.5).

If the incorrect decisions FCR, FRR and FAR

are equally weighted and we aim at minimization

of the sum of false decisions FD = FCR + FAR +

FAR. We find the optimum value for the rejection

threshold t as the minimum of FD. This can be

seen from Fig. 9, in which the minimum of FD is
Fig. 9. Dependency of correct and false decision rates on

rejection threshold.

Fig. 8. Receiver operating characteristics.



Table 2

Summary of parameters

Total number of coins 11,949

Total number of coin side classes 932

Number of eigenspaces 494

Step sizes Dstep, Tstep in diameter/thickness plane in mm 0.3, 0.3

Tolerance parameter in diameter/thickness plane in mm 0.3

Minimum, average, maximum number of classes per eigenspace 2, 30.9, 113

Minimum, average, maximum number of coefficient vectors per eigenspace K 40, 618, 2260

Coin image size in pixels 128 · 128

Smoothed edge eigenspace parameter rs 1.5

Number of hypotheses H 5

Number of coefficients D 32

Parameter a in P 2ða1h; a2j Þ 0.08

Parameter r in P 2ða1h; a2j Þ 15

Rejection threshold t 0.006

Table 3

Final results for a mixed sample of valid and invalid coins

Acceptance Rejection

Valid coin: 91.6% Correct classification: 86.64% False classification: 0.49% False rejection: 4.52%

Invalid coin: 8.4% False acceptance: 1.76% Correct rejection: 6.59%
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found for t = 0.006. At the same time correct deci-

sions, i.e., correct classification and correct rejec-

tion rates, are maximized.

Considering only valid coins, i.e., the 91.6%

coins included in the 30 countries mentioned

above, and using no rejection mechanism, correct

classification was made for 98.27% of valid coins,

which is close to the practical optimum of
98.88% mentioned in Section 4.1. With rejection

at the chosen level of t = 0.006, a percentage of

correct classification of 94.54%, 0.53% false classi-

fication and 4.93% false rejection is achieved for

valid coins.

Considering only invalid coins, i.e., the 8.4%

coins not included in the 30 countries mentioned

above, and rejection at the chosen level of t =
0.006 classification into any of the known coin

classes happens for 20.47% of the unknown coins.

Correct rejection of unknown coins is performed

for 79.53% of invalid coins.

Examining at the mixed sample, a correct deci-

sion, i.e., correct classification or rejection, was

made for 93.23% of all coins. False decisions,

i.e., either false classification, false rejection or
false acceptance, took place for 6.77% of all coins.

Table 2 gives a summary of the parameters specific
to the test sample and analysis method. Table 3

presents the final results.

The relatively high rate of false acceptance and

false rejection could be reduced by considering

coins from more than 30 countries. For example,

for coins gathered in Austria adding of coins from

the neighboring former socialist countries to the

set of valid coins is advisable, as by visual analysis
the majority of falsely accepted coins are of this

origin.
6. Conclusion

We have presented a multistage approach to

coin recognition applicable to coin collections
comprising a large number of coin classes. Coins

represent financial value only if the coins are

sorted and returned to the respective national

banks. A tunable system is required as national

banks accept coins only if they are delivered with

a high degree of purity. The rejection mechanism

based on the probabilistic fusion result allows to

adjust a tradeoff between rigorous classification
(yielding high reliability against false acceptance

but a higher rate of false rejections) versus tolerant
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classification (yielding more false acceptances but

fewer false rejections). Further improvement of re-

sults is expected through enlargement of the train-

ing set, which decreases the amount of falsely

accepted coins.
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